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Overview

From measurements to gravity field solution
— Least squares adjustment

Residual analysis

Weight matrix of instrument noise

Background model noise
— Example: non-tidal AOD model

Summary
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From measurements to gravity field solution

Measurements

« Range-rate data between the satellites
« Accelerometer data

« Star camera data

U

Monthly gravity field of the Earth
« Spherical harmonics coefficients

* or Mascons

* Or ...
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From measurements to gravity field solution

6. GRACE observation equation Tm

Equation of motion

F=ac+ap.=VWt+a,=V (_) +d Observations:
- * (biased) range p

* range rate p
 range acceleration p

Numerical orbit integration — position+velocity — range/range rate

Observation equation Force models
Orbit (ACC meas.)

— }
y(t) = f(t, , 'Lﬁ,g,lcal, emp, ) =f0(t{0:f{);£0; ) + 8f

t t
Gravity field ~ Calibration/empir. A-priori models  Obs. Residuals
parameters parameters — input to adjustment

X = {Cnm; Enm}

I/
Ty % GFZ

Helmholtz Centre
for Geosciences

Spring School, 12 March 2025, Murbdck: Stochastic Modeling

From Level-1B Instrument Data to Level-2

Spherical Harmonics (Gruber, TUM)
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From measurements to gravity field solution

6. Methods of Earth‘s gravity field recovery from GRACE observations

LU'LL

Method | Observations |Reference ____

Variational equations p, P Tapley et al. (2004), GRL

Celestrial mechanics approach p, P Beutler et al. (2010), J. Geod.
Short-arc approach p, p Mayer-Girr et al (2006), Ph.D. Thesis
Energy balance approach p Han et al. (2006), J. Geophys. Res.
Acceleration approach p Liu (2008), Ph.D. Thesis

Line of Sight Gradiometry p/p Keller & Sharifi (20035), J. Geod.

Spring School, 12 March 2025, Murbdck: Stochastic Modeling #.-Eg-

% GFZ

Helmholtz Centre
for Geosciences

From Level-1B Instrument Data to Level-2
Spherical Harmonics (Gruber, TUM)
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From measurements to gravity field solution

6. Gravity field processing — overview

TUT

Level 1B

GRACE/GRACE-FO data

Background models (BM)

(Difference obs.: 8p,8p ]

Ocean tides Non-tidal AO Others
| KBR/LRI] [ Acc | stR J[ GPs | [ Model | (Error est] | |(Model ] (Error est) | | - Direct, solid Earth, pole tides
| ] |
Equation of motion b o
;= (@) v d —  Dealiasing
\ - y - J
' v ™y
Integration Stochastic model BM
Fr->r-r Orbit
v h v 4
[ Real obs: p, p L Theoret. obs: pg, po r% Stoch. model instruments
vy = 3 : GRAVITY RETRIEVAL

Optimized space-time

parameterization

Data v Stoch. model v Param. model $
Adjustment
v
A-posteriori filtering [ Coefficients, 2
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Least squares adjustment

« Prediction of the observations (range rate data) by a model

y@)=7rC 72727 )
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Least squares adjustment

« Prediction of the observations (range rate data) by a model
y@)=f0C 72727 )

|

Observations:
range rate
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Least squares adjustment

« Prediction of the observations (range rate data) by a model

y(t) = f(t, ry, ¥y, X, cal, ...) Instrumental calibration

T T \ ‘\ - Accelerometer drift

Observations:
range rate Gravity field parameters

\ Satellite state

Time

Physical model:

- Solution of a differential equation
(Orbit integration)

- non linear!
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Least squares adjustment

» Prediction of the observations (range rate data) by a model
y(t) = f(t, 1y, ¥y, X, cal, ...)

« Linearization by a truncated Taylor series

_ of
y—f(xo)+&0(x—xo)+”‘
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Least squares adjustment

» Prediction of the observations (range rate data) by a model
y(t) = f(t, 1y, ¥y, X, cal, ...)

« Linearization by a truncated Taylor series

f
y = f(Xo) =5 (x=Xo) + -
« Linear, overdetermlned system of equations (in matrix form)

Al = A Ax

T \ 15,000 Parameter

+ Calibration + ...

500,000
observations . .
per month Fully occupied matrix
(~ 100 GB)
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Least squares adjustment

» Prediction of the observations (range rate data) by a model
y(t) = f(t, 1y, ¥y, X, cal, ...)

« Linearization by a truncated Taylor series

f
—f&xo) =57 (x—Xo) +-
« Linear, overdetermlned system of equations (in matrix form)

Al = A Ax
« Solution by minimizing the weighted quadratic sum of residuals

|Al — A - Ax||3 - min

Solution

AR = (ATPA)~TATPAIL
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Least squares adjustment

Prediction of the observations (range rate data) by {
y(t) = f(t, 1y, ¥y, X, cal, ...)

Linearization by a truncated Taylor series

y — £ (xo) ——f‘ (x—Xo) + -

Reduced observation vector

= (y - f(xo))

is a mixture of all instruments and models

Differentiated Ranging Instrument noise

Integrated Accelerometer noise

Aliasing errors from background models
- Atmosphere, ocean mass variations
« Ocean tides

Linear, overdetermined system of equations (in matfxfarm)

Al = A Ax
Solution by minimizing the weighted quadratie-sum

The the post-fit residuals (How good is the fit?)
e=Al-A" AX

tell us something about the noise

VAR T YL Zoi IR AN

|Al — A - AX||3 = min “—
p

Solution

AR = (ATPA) " TATPM—

The weight matrix
P=3x"1
should consider the noise of the observation vector

= Inverse of the noise covariance matrix
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Least squares adjustment

e Almost every method for gravity field recovery is based on least squares adjustment
|Al — A - Ax||3 - min

e This talk is only about the weight matrix P

No weight matrix Weight matrix

equivalent water height [cm]
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Least squares adjustment

Almost every method for gravity field recovery is based on least squares adjustment

|Al — A - Ax||3 - min

This talk is only about the weight matrix P
e The weight matrix should consider the noise of the reduced observation vector P = 27!

The reduced observation vector contains different noise sources

Al = (y _f(xo))
Range Accelero- Atmosphere,
rates meter ocean, tides
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Least squares adjustment

Almost every method for gravity field recovery is based on least squares adjustment

|Al — A - Ax||3 - min

This talk is only about the weight matrix P
e The weight matrix should consider the noise of the reduced observation vector P = 27!

The reduced observation vector contains different noise sources

= (y _f(xo))

e We can analyize the post-fit residuals to understand the noise

e =Al—-A-AX
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Residual analysis

KBR Range Rate

2 - Assumptions
. ) « Pure random
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Residual analysis

e Assumption of a stationary noise

N
1
RMSZ — Nz éz(tl)
=0

e Neighboring residuals are correlated:
Estimation of the covariance

N
1
COV( Atk) = NZ é(tl)é(tl + Atk)
=0

e The covariance function can be expressed
by the amplitudes of a power spectrum (PSD)

N
21
cov( Aty) = Z az cos (TnAtk)
n=0
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Residual analysis

Time series of residuals Fourier series
N
é(t;) = Z ¢, cos(w,At;) + s, sin(w, At;)
é(t;) | | n=0

= Z A, cos(w,At; + ¢@,,)

21T
w, = N——
n T
A 4 A 4
Covariance function Power Spectral Density (PSD)
N N
At.) = l 5 5 A —p 2 2T
cov(Aty) = N e(ty)é(t; + Aty) cov(Aty) = Z A% cos ?nAtk
=0 n=0
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Residua analysjis

| Multiples of orbit frequency.

N Geographic related errors?

\\"*v/ ‘/I grap

10-5 -
Range-rates:

= Differentiation of measured ranges
T ‘\\\ Noise is amplified in the high frequencies
=
%
c 106 f

Accelerometer:
Integration of accelerations to range-
rates
Long-wavelength errors are amplified

(low frequencies) 103 1072 107"
[Hz]

pflaTU % GFZ
Spring School, 12 March 2025, Murbdck: Stochastic Modeling Grazm Helmholtz Centre

for Geosciences




0.1 !

Weight matrix of instrument noise *

S 0.044

e Estimation of the covariance function e A~

-0.04 +———r"—r——————————————— e

N ]
cov(Aty) = %Z é(t;)é(t; + Aty) ‘\/ / N
=0

e Assumption of a stationary noise process:

— Covariance matrix is a Toeplitz matrix »
— Can be described by the covariance function |
500
cov(Aty) cov(Aty) cov(Aty) 0.02
5 cov(At,;) cov(Aty) cov(Aty) .. 1000 ] o
cov(At,) cov(Aty) cov(Aty) - 0005
° Welght matrix 1500—: 002
P = z—l 1 ~0.04
2000—.’}
0 500 1000 1 500 2000
% GFZ
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Weight matrix of instrument noise

Post-fit residuals

e=Al-A AX

Solution Covariance function

o _ (ATPAY-1AT 1
AX = (A"PA)""A"PAl cov( Aty,) = NZ é(t;)é(t; + Aty)
i=0

Weight matrix

Iterative procedure

— v—1
P=X repeat until convergence

Start with P =1
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0. iteration

PSD range rate residuals (2010-02)
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0. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
. e | . | . el

107° 5 ]

-

[m/s/sqrt(Hz)]
>
&
]
I
o
equivalent water height [cm]

-10
1077 3 3
-20
";'0'_4 - "';'0'_3 - "';'0'_2 - "';'0_1 First weight matrix degree amplitudes (2010-02)
[Hz] N
arc sigmas (2010-02) ] F — signal
3 1 L L L | L L 1 L | L 1 L L | 1 L L 1 | L 1 T ) — |TSG—GraCe
B L 10_1_5 E '--b I
] [ Least squares E : aseline
' adjustment E
- E10—2_
2 B =
L 2
o B (-3
5 g
[72]
1
y 10~ 3
10-5
L L 0
100 150 200

Spring School, 12 March 2025, Murbdck: Stochastic Modeling

Helmholtz Centre
for Geosciences




0. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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0. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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0. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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1. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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1. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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1. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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1. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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2. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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2. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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2. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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2. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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3. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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3. iteration

Gaussian filter 350 km

PSD range rate residuals (2010-02)
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Summary of the first part

e Iterative algorithm to determine the weight matrix in least squares adjustment
— Analysis of the post-fit residuals

Arcwise optimized relative weighting using variance component estimation (VCE) [Koch (1999): Parameter estimation and
hypothesis testing in linear models, Springer, doi.org/10.1007/978-3-662-03976-2]

Ellmer (2018): Contributions to GRACE Gravity Field Recovery, doctoral thesis 2018, doi.org/10.3217/978-3-85125-646-8

Murbéck et al. (2023): In-Orbit Performance of the GRACE Accelerometers and Microwave Ranging Instrument, Remote
Sens. 2023, 15(3), 563; https://doi.org/10.3390/rs15030563

e Assumption: Noise time series is stationary (along the orbit)
— This might be true for the instrument noise
— But not for backgound model errors

Al = (J’ - f(xo))

P e

Range rates Accelerometer Atmosph.ere,
ocean, tides

Helmholtz Centre
for Geosciences
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http://dx.doi.org/10.3217/978-3-85125-646-8
https://doi.org/10.3390/rs15030563

Background model noise

Shihora et al. (2024): Accounting for residual errors in atmosphere—-ocean
background models applied in satellite gravimetry, J Geod, 98:27,
doi.org/10.1007/s00190-024-01832-7

Time series of vectors (SH coefficients), 26 years

Assumption: stationary random process

1 N N " N
=— > X/ ¥, = ! T Epp=— ) X;_oX!
N Rl Al — N Xi-1X; A2 — N i—24&

Standard Deviation [hPa]

pflaTU % GFZ
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https://doi.org/10.1007/s00190-024-01832-7

Background model noise

Shihora et al. (2024): Accounting for residual errors in atmosphere—-ocean
background models applied in satellite gravimetry, Journal of Geodesy, 98:27,
doi.org/10.1007/s00190-024-01832-7

Full covariance matrix of one month
(Block Toeplitz matrix)

pay1 | T | Zar | Zaz | Zas | Zas | Zas

Day 2 0| 2 | Zan | Zaz | Zaz | Zas

: : .. Day 3 I | 24 | T | Zax | Zaz | Zas
Time series of vectors (SH coefficients), 26 yea S E—

Assumption: stationary random process

1 N N " N '
=— > X/ ¥, = ! T Epp=— ) X;_oX!
N L“* Al — N xl‘_lxi A2 — N i—24% - T —f—

Day 31 Iis | Zha | Zhs | BAo | Zaa | Z

pflaTU % GFZ
Spring School, 12 March 2025, Murbdck: Stochastic Modeling Grazm Helmholtz Centre
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https://doi.org/10.1007/s00190-024-01832-7

Modeling the observation noise

Covariance matrix of the reduced observation vector

Variance propagation

XA = X + BX B? «——
Al instr model (from spherical harmonics to range rates)

\

Stationary along orbit Stationary at Earth surface

Day 1 L | Zpq | Zpz | Bas | Zas | Zas

Day 2 | z], L | Zp1 | Zao | Zas | Zas

Day 311 x5 | 214 | 205 | 26 | 24 | 2

for Geosciences




Least squares adjustment

e Observation model

Al=AAx+e with e =Xipser t BzmodelBT P, = (zinstr + BzmodelBT)_1

\

Problem:
Matrix is fully occupied,
2 TB!

Spring School, 12 March 2025, Murbdck: Stochastic Modeling z fHelr(;nholtz Centre IE
or eosclences




Least squares adjustment

e Observation model
Al=AAx+e with e =Xipser t BzmodelBT P, = (zinstr + Bz'n*.',odelBT)_1

e Alternative model: co-estimation of submonthly (6 hourly) signals 'y
and constraining these signals towards zero

Al=AAx+ By +e Lo = Zinstr P, = Emlstr

Both models are equivalent as shown in:
Kvas & Mayer-Gurr (2019): GRACE gravity field recovery with background model
uncertainties. J Geod 93, 2543-2552. doi.org/10.1007/s00190-019-01314-1

Spring School, 12 March 2025, Murbdck: Stochastic Modeling razm Helmholtz Centre IE
for Geosciences



https://doi.org/10.1007/s00190-019-01314-1

Background model noise

Stochastic modeling applied for ocean tide and i

non-tidal AOD models improves GRACE/GRACE-FOso -
gravity fields by up to 20 %. ' AL

Hauk et al. (2023). Satellite gravity field recovery ﬁﬂ!. 5

using variance-covariance information from ocean «* eI e

tide models. Earth and Space Science, 10(10),

e2023EA003098.

https://doi.org/10.1029/2023EA003098

90 60

Wilms et al. (2025). Optimized gravity field

AT
mv wsﬁ e

retrieval for the MAGICmission concept using QP inf M ' . m«:ﬁu’uﬁﬁ
. . : NP - o LT
background model uncertainty information. J Geod P e ,.W

‘ ti fj m fmfff

99.21. https://doi.org/10.1007/s00190-024- " me /ﬁ% y/

01931-5

% GFZ
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https://doi.org/10.1029/2023EA003098
https://doi.org/10.1007/s00190-024-01931-5

Very short summary

e The weight matrix in least squares adjustment is important
|Al — A - Ax||3 - min

e Analyizing the post-fit residuals helps to derive a proper weight matrix
e = Al — AAX

e This is true for almost every least squares adjustment

NER@MGRNAV Spring School, 12 March 2025, Murbéck: Stochastic Modeling ﬂ-lc:g- Helmholtz Centre l

for Geosciences
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